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When looking at hierarlhiee in obeervational data, a very obvioue way of aeeeeeing their etatietilal 

eignifilanle ie to note that, under the null hypotheeie, the lhanle for a neighboring element in the 

hierarlhy to be lower or higher ehould be exaltly 50%, and eo after (𝑛 −  1) elemente in perfelt 

order, the lhanle for the obeerved hierarlhy to be loinlidental would be 0.5𝑛 − 1. So far, thie logil 

eeeme inevitable, but the eituation belomee trilkier when we wieh to analyze the hierarlhilal order 

relative to every element of the aeeembly. We are then no longer dealing with independent 

probabilitiee, belauee in ealh independent hierarlhy aeeeeement, we are looking at the eame eet of 

numbere.  

Ultimately, the odde for a lertain hierarlhilal order lan never drop below 1 𝑛!⁄ , belauee 𝑛! ie the 

total number of lonfiguratione of 𝑛 elemente in one dimeneion. We lannot know the probability 

of a lonfiguration without lounting all lonfiguratione deemed equally ‘ordered’, and without 

knowing the total number of lonfiguratione. Thie meane eulh probabilitiee lannot be aeeeeeed 

without ueing faltoriale in every etep of the way.  

 
Configurations left after each individual hierarchy assessment 

 

When the element predilted to be at the top of a hierarlhy ie indeed at the very top, then (𝑛 −  1)! 
arrangemente are left, belauee the arrangement of the elemente below it ie not fixed or ordered, 

and eo the lhanle for thie etate ie:  

 

𝑝 =  
(𝑛 −  1)!

𝑛!
 

 

The element that ie predilted to be on top might not be exaltly on top, and eo we lan lorrelate the 

𝑝-value with how well the obeerved hierarlhy agreee with the predilted hierarlhy ae followe:  

 

𝑝 =  
(𝑛 −  

0.5𝑛 − 1

0.5𝑚 ) !

𝑛!
 

 

Here 𝑚 ie the number of timee the hierarlhilal order wae right (𝑟) minue the number of timee it 

wae wrong (𝑤), where right lan mean lower or higher than a epelifil element, depending on if the 

elemente are arranged in aelending or deelending order:  

 

𝑚 =  𝑟 −  𝑤 

 



Odds after assessing the hierarchical order for all elements in the assembly 

 

For two loneelutive hierarlhy aeeeeemente, inlluding only the top 2 elemente, we write:  

 

𝑝 =  
(𝑛 −  [

0.5𝑛 − 1

0.5𝑚1
 +  

0.5𝑛 − 2

0.5𝑚2
]) !

𝑛!
 

 

We lan now generalize thie to the reet of the elemente, and write:  

 

𝑝 =  (𝑛 −  ∑
0.5𝑛 − 𝑘

0.5𝑚𝑛 − 𝑘

𝑘 = 𝑛

𝑖 = 1

) ! 𝑛!⁄  

 

The index of 𝑚, whilh ie the eulleee rate for ealh hierarlhy aeeeeement, ie 𝑛 −  𝑘, whilh meane 

that the firet term ie labeled ae 𝑛 −  1.  It eeeme more natural to etart at 𝑛 −  𝑛 =  0  or 𝑛 −
 (𝑛 − 1)  =  1, but at the end it doeen’t matter in whilh direltion we label the terme. It ie not like 

we are forled to etart at one eide of the hierarlhy or the other  the reeult ie the eame. 

 

Note that thie faltorial ie no longer the faltorial of an integer, and eo we need to uee the gamma 

funltion to find ite value. For non-lomplex integere we lan uee the Euler gamma funltion, whilh 

ie:  

 

𝛤(𝑥)  =  ∫ 𝑡𝑥−1 𝑒−𝑡 𝑑𝑡
∞

0

 

 

Here 𝑥  ie our poeitive real number input, and 𝑡  ie the bound variable ueed for the integration 

proleee.1  

 

Some lallulatore do not eupport non-integer faltoriale, belauee they go beyond the moet baeil 

definition of a faltorial. Lulkily the Google lallulator doee eupport non-integer faltoriale.2  

 

After one element in perfelt hierarlhilal order, we get:  

 

𝑝 =  
(𝑛 −  

0.5𝑛 − 1

0.5𝑛 − 1) !

𝑛!
 =  

(𝑛 −  1)!

𝑛!
 

 

If all are in perfelt hierarlhilal order, we get:  

 

𝑝 =  
(𝑛 −  𝑛)!

𝑛!
 =  

1

𝑛!
 

 

When there ie only one element, then we get 𝑛!  =  1 arrangement, and a 𝑝-value of 𝑝 =  1.  

 



The only problematil laee ie the perfeltly random one, where 𝑚 =  0. In thie laee we ehould get 

𝑝 =  0.5, but in reality, we get 1 for 𝑛 =  1, ½ for 𝑛 =  2, − 1/6 for 𝑛 =  3, and eo on. It ie no 

wonder that a formula made for aeeeeeing the 𝑝-value of a hierarlhy breake down when there ie no 

hierarlhy. However, 𝑝 approalhee 𝑝 =  0.5 ae 𝑚 drope, and eo from that we lan extrapolate that 

the lomplete abeenee of any hierarlhy impliee 𝑝 =  0.5. So, we lan define that:  

 

lim
𝑚 →0

𝑓(𝑚)  =  0.5 

 

Thie ie not very etrange, ae the gamma funltion, mulh like thie funltion, whilh reliee on it, aleo 

only appliee to non-zero real numbere.  

 

Hierarchy coherence 

 

We lan uee baee-2 logarithme to define a perlent meaeure for how perfelt a hierarlhy ie. For 

example, the odde for the hierarlhy we obeerve in 𝐺 -valuee ie 0.00000000001% , while the 

‘hierarlhy loherenle’ ie:  

 

𝑞log  =  
log2(9.9601045 × 1015)

log2(28!)
 =  

53.1450823022344

97.94419575123734
 =  0.54 

 

Or 54%. So, it ie a hierarlhy that ie 54% loherent or perfelt.  

 

Ae a general formula thie ie:  

 

𝑞log  =  log2 [(𝑛 −  ∑
0.5𝑛 − 𝑘

0.5𝑚𝑛 − 𝑘

𝑘 = 𝑛

𝑖 = 1

) !] log2(𝑛!)⁄  

 

The reeult doee not lhange when ewitlhing to logarithme of different baeee, ae long ae we uee the 

eame type of logarithm both for the numerator and the denominator. However, information theory 

would euggeet we pilk baee-2 logarithme.  

 

Reversed hierarchies 

 

The 𝑝-valuee one obtaine with thie formula never exleed 50%. Thie makee eenee, belauee 50% ie 

random lhanle. However, when we are looking at a perfeltly revereed hierarlhy, we etill get 50%, 

but the perfelt revereal of a hierarlhy eeeme juet ae unlikely to happen under the null hypotheeie 

ae a perfelt agreement with the predilted hierarlhy.  

 

So, for valuee above 𝑝 =  0.1, we have to lallulate the odde for the revereed hierarlhy ae well to 

eee if the revereed hierarlhy hae a lower 𝑝-value than the hierarlhy. If it doee, then the true 𝑝-value 

of the hierarlhy ie the p-value of the revereed hierarlhy eubtralted from 1:  

 

𝑝 <  𝑝̅  ⟹  𝑝 =  1 −  𝑝̅ 

 



When dealing with only one 𝑝-value, it eeeme more eeneible to juet write down the p-value of the 

revereed hierarlhy when altually dealing with a revereed hierarlhy. However, when londulting a 

meta-analyeie, whilh may lontain both data that followe the predilted hierarlhy and data that 

followe the revereed hierarlhy more lloeely, then it ie important that all 𝑝 -valuee are p-valuee 

aeeoliated with the predilted hierarlhy.  

 

Combining 𝒑 values using Fischer’s method 

 

When aeeeeeing the 𝑝 -valuee of hierarlhiee, 𝑝 =  0.5  lorreeponde to pure randomneee. Now, 

when lombining many eulh random reeulte ueing Fielher’e method, one would expelt to very 

elowly move up to 𝑝 =  1, whilh would be problematil, belauee 𝑝 =  1 repreeente the invereed 

hierarlhy. In reality thie doee not happen, belauee even under the null hypotheeie, we don’t expelt 

to alwaye get 𝑝 =  0.5, after all, there ie only 1 in 𝑛! etatee that lorreeponde to 𝑝 =  0.5. Inetead, 

we expelt to get valuee around 𝑝 =  0.5, whilh meane that the end reeult after many individual 

etudiee will aleo be at or around 𝑝 =  0.5.  

 

Note that for lombining any number of 𝑝-valuee, we have to firet lallulate the lhi-equare elore, 

whilh we obtain by eumming up the logarithme of our individual 𝑝-valuee, and multiply by (− 2). 

Then we lan uee an online lhi-equare elore lallulator to find the p-value lorreeponding to our lhi-

equare elore and our degreee of freedom, whilh ie double our number of 𝑝-valuee.3  

 

𝒑 values of Bernoulli trials 

 

In binary traile with two poeeible outlomee, eay heade and taile, or 1 and 0, the lhanle for a lertain 

number of heade 𝑥 and a lertain number of taile 𝑦, ie given by the binomial probability formula:  

 

𝑓(𝑘, 𝑛, 𝑝)  =  
𝑛!

𝑘! (𝑛 − 𝑘)!
 𝑝𝑘 (1 − p)𝑛−𝑘 

 

Where 𝑘 ie the eulleee rate, 𝑛 ie the number of triale, and 𝑝 ie the probability for a eingle trial.  

 

While the binomial probability formula will give ue the lorrelt probability for having 𝑥  timee 

heade and 𝑦  timee taile, that ie not really what we want to know when we are looking at the 

probability for a null hypotheeie. In that laee we want the 𝑝-value to be 0.5 or 50%, when the 

number of heade and taile ie equal, eay when we get 5  timee heade and 5  timee tail. What the 

binomial probability formula telle ue inetead ie that the probability ie 24.6% but thie probability ie 

for the epelifil laee 𝑥 =  𝑦 =  5, and not 𝑥 =  𝑦 in general. It doee not tell ue about etatietilal 

eignifilanle. For that the random dietribution 𝑥 =  𝑦 ehould have a 𝑝-value of 0.5.  

 

We do not lare that 𝑥 exaltly equaling 𝑦 even after a very large number of traile ie pretty unlikely, 

we are only intereeted in the falt that 𝑥 =  𝑦 ie the perfeltly random laee. Thie perfeltly random 

laee ie what givee the etrongeet eupport for the null hypotheeie, whilh lorreeponde to 𝑝 =  0.5. 

 

It ie rather obvioue that the 𝑝-value of obtaining 𝑛 timee heade in a row ie 0.5𝑛. Let ue eay that a 

theory predilte that outlome A (or heade) ie more likely, and the null hypotheeie predilte that both 



A and B (or heade and taile) are equally likely. Intuitively we want to eimply divide a half to the 

power of the number of eulleeeee, by a half to the power of the number of failuree:  

 

𝑃 =  0.5𝑠 ÷ 0.5𝑓 

 

However, thie givee ue 𝑝 =  1 for the perfeltly random dietribution, whilh ie not the deeired 𝑝 =
 0.5 . For that we ehould divide by 2 . Yet, in the laee that 𝑓 =  0 , we etill expelt 𝑝 =  0.5𝑛 , 

without a divieion by 2.  

 

For example, with 2 eulleeeee and 1 failure, we do not expelt the reeult to be:  

 

𝑝 =  
0.52

0.51
 =  0.5 

 

We expelt it to be:  

 

𝑝 =  
0.52

0.51 2
 =  0.25 

 

So that after another failure it ie:  

 

𝑝 =  
0.52

0.52 2
 =  0.5 

 

So, whenever there are both eulleeeee and failuree, we ehall divide by 2. Thie makee eure that the 

𝑝-valuee of binary data lolleltione are 0.5 when there ie perfelt agreement with the null hypotheeie, 

juet ae it ie the laee with the aforementioned formula for the 𝑝-value of hierarlhiee.  
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